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Advancement of Lattice QCD efforts to understand the importance of the gluon in the proton

Description of the work

In view of the particle physics standard model (SM), most of the visible matter in the universe is formed by the
fundamental particles with the strong and electric-weak interactions. The fundamental theory to describe the
strong interaction in the framework of SM, Quantum Chromodynamics (QCD), has been tested at the distance
which is much smaller than the nucleon radius (around 0.8 fm), as the interaction at such distance is not much
stronger than the electric-weak one, and then can be both calculated analytically from QCD and tested accurately
from the collider experiments. It is called the asymptotic freedom, and the prediction of which received the
Nobel prize in 2004. But the strong interaction becomes strong enough at a distance around the nucleon radius,
which gives quark a mass which can be 100 times larger than that from Higgs boson, and confine the quarks in
the nucleon. This miracle is named as the confinement, and its mathematical proof is one of the unsolved
Millennium Prize Problem of the Clay Mathematics Institute.

Lattice QCD (LQCD) formulates QCD on a finite 4D lattice, and treats the strong interaction by averaging the
Monte Carlo sampling of the multiverse with proper weights. Since only the "virtual”, or more accurately
“imaginary” time instead of the real time is used in LQCD, the collision and fragmentation of the nucleon
scattering in LQCD happen at the same time, while the restriction on the effective distance still applies. In this
point of view, LQCD calculation can be considered an imaginary-time collider to understand the confinement
independently, as its kinetics is totally different from the real world collider experiments.

Based on current state-of-the-arts understanding, the nucleon mass will increase by about 10% if the coupling
between quark and Higgs increases by a factor 2; but when the strong interaction coupling between quark and
gluon increases by a factor 2, the nucleon mass will be more than 10 times larger. Such a behavior can be
understood by the trace anomaly mechanism of QCD energy momentum tensor: the scale dependence of the
above two couplings can introduce additional contribution to the nucleon mass, and such a contribution is in
inverse proportion to the nucleon radius which very sensitive to the strong interaction coupling. Such a prediction
is very hard to verify theoretically or experimentally, while it has been one of the major goal of the next
generation Electron-Ion-Collider proposed in US and China separately. Dr. Yi-Bo Yang and his colleagues find a




proper way to determine the scale dependence of the couplings from the hadron matrix elements, and confirm
that they are independent to the hadron states. Then they confirm the theoretical prediction of the trace anomaly
in both the pion and nucleon, as that in the nucleon contributes all the mass in the chiral limit while that in the
pion approaches zero in the same limit. It is the first time to verify this prediction with first principle direct
calculation after more than 40 years (see, arXiv 2101.04942,2021).

Further more, three quarters of the trace anomaly contribution can be further decomposed into the quark and
gluon kinetic energy, based on the sum rule of the entire EMT. Dr. Yang find that the renormalization of the gluon
operator is the major source of the systematic uncertainty, in the lattice QCD calculation of the gluon in the
proton mass. The bare result with different lattice regularizations can be differ by a factor of 3 or more, such a
fact makes the perturbative calculation fails in most of the cases. In the other side, the non-perturbative
renormalization of the gluon operator was absent after the quark case has been developed over 30 years, since the
calculation is extremely expensive and then that for a lattice with the physical quark mass will need the gross of
nowadays computing power or so to reduce the statistical uncertainty to a few percent level. Using the principle
of the cluster decomposition and the fast Fourier transform algorithm, Dr. Yang found the solution to reduce the
cost of the above calculation by a factor of 100,000 and then make the non-perturbative renormalization to be
doable for the gluon operators, and led the collaborators to complete the proton mass decomposition calculation
with the systematic uncertainty of the renormalization under control [PRD121(2018),212001]. The result is the
first Lattice QCD prediction on the proton mass decomposition, and shows that the quark and gluon kinetic
energy contributions to the proton mass, and also the QCD trace anomaly one are insensitive to the light quark
mass. The related paper is accepted by PRL, selected as Editor’s suggestion, favored on Physics with Viewpoint
article, and reported by ScienceNews and also The Inquisitor.

Dr. Yang also made some contribution to understand the gluon spin contribution in the proton spin, which is most
unknown part from Lattice QCD calculation or experiment. Dr. Yang led the numerical gluon spin calculation
with the computer resources from NERSC, XSEDE and OLCEF, and guided the collaborator on the analytical 1-
loop renormalization calculation. The final result shows that “the gluons that bind quarks together in nucleons
provide a considerable chunk of proton’s total spin”, as in the statement for this work as one of eight APS 2017
highlights. After the paper is published on PRL, it is selected as Editor’s suggestion and favored on Physics with
Viewpoint article, reported by ScienceNews and also Forbes, and eventually selected as one of the APS 2017
highlights among the other famous experimental researches.

Besides above accomplishments, Dr. Yang lead the first lattice QCD investigation on the gluon PDF using the
large momentum effective theory approach, and the glue-ball in the charmonium radiative decay; he also
coauthored a number of the important works likes on the quark PDF.
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We report results on the proton mass decomposition and also on related quark and glue momentum
fractions. The results are based on overlap valence fermions on four ensembles of Ny = 2 + 1 domain wall

fermion configurations with three lattice spacings and three volumes, and several pion masses including the
physical pion mass. With fully nonperturbative renormalization (and universal normalization on both quark
and gluon), we find that the quark energy and glue field energy contribute 32(4)(4)% and 36(5)(4)%
respectively in the MS (modified minimal substraction) scheme at u =2 GeV. A quarter of the trace
anomaly gives a 23(1)(1)% contribution to the proton mass based on the sum rule, given 9(2)(1)%
contribution from the u, d, and s quark scalar condensates. The u, d, s, and glue momentum fractions in the

MS scheme are in good agreement with global analyses at u = 2 GeV.

DOI: 10.1103/PhysRevLett.121.212001

Introduction.—In the standard model, the Higgs boson
provides the origin of quark masses. But how it is related to
the proton mass and thus the masses of nuclei and atoms is
another question. The masses of the valence quarks in the
proton are just ~3 MeV per quark, which is directly related
to the Higgs boson, while the total proton mass is 938 MeV.
The percentages of the quark and gluon contributions to the
proton mass can only be provided by solving QCD non-
perturbatively and/or with information from experiment.
With phenomenological input, the first decomposition was
carried out by Ji [1]. As in Refs. [1,2], the Hamiltonian of
QCD can be decomposed as

in the rest frame of the hadron state where M is the hadron
mass, and

1_ < 1
Tm/ = Zl//y(ﬂDD)l// + FyaFya - Zé,usz (2)
is the energy momentum tensor (EMT) of QCD in
Euclidean space [3] with (T,4) as its expectation value

in the hadron, and the trace anomaly gives the following:
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M = _<Tmt> = <Hm> + <Ha> (3)

The H,,, Hg, and H, in the above equations denote the
contributions from the quark condensate, the quark energy,
and the glue field energy, respectively:

H, = Z /d3me1//,

u,d,s-
He= Y [ D7,
ud,s...
1
H, = /d3x§(Bz—E2). (4)

The QCD anomaly term H,, is the joint contribution from
the quantum anomalies of both glue and quark,

H, = H¢ + H},

He = /d3x—_ﬂg(g) (E> + B?),

o= Y [ dpmiy. (5)

u,d,s-

All the (H) are defined by (N|H|N)/(N|N) where |N) is
the nucleon state in the rest frame. Note that (Hy + H ),
(H,) and (H,) are scale and renormalization scheme
independent, but (Hg)(u) and (H,)(u) separately have
scale and scheme dependence.

Published by the American Physical Society
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The nucleon mass M can be calculated from the nucleon
two-point function. If one calculates further (H,,) and
(Hg)(u), then (H,)(u) and (H,) can be obtained through
Egs. (1) and (3). The approach has been adopted to
decompose S-wave meson masses, from light mesons to
charmoniums, to gain insight about contributions of each
term [2]. But the mixing between (Hp)(u) and (H,,) will
be nontrivial under the lattice regularization when there is
any breaking of the quark equation of motion at finite
spacing. On the other hand, if we obtain the renormalized
quark momentum fraction (x)f; in the continuum limit, and
define the renormalized quark energy (H7) in term of (x)X
and (H,,) with the help of the equation of motion, i.e.,

3 3
<H§> =7 <x>§M - <Hm>’ (6)
4 4
then the additional mixing can be avoided. Similarly, the
renormalized glue field energy can be accessed from the
glue momentum fraction (x) by

3
(HE) =2 (M. (7)

In the present Letter, we use the lattice derivative
operator for the quark EMT and a combination of pla-
quettes for the gauge EMT and address their normalization
in addition to renormalization and mixing. We calculate the
proton mass and the renormalized (x),, on four lattice
ensembles, and extrapolate the results to the physical pion
mass with a global fit including finite lattice spacing and
volume corrections. Then we combine previously calcu-
lated (H,,) [4] to obtain (H,) from Eq. (3), and the full
decomposition of the proton energy in the rest frame as
shown in Eq. (1).

Numerical setup.—We use overlap valence fermions on
(2 + 1) flavor RBC/UKQCD domain wall fermion gauge
configurations from four ensembles on 243 x 64 (241I),
323 x 64 (321) [5], 32° x 64 (32ID), and 48% x 96 (48]) [6]
lattices. These ensembles cover three values of the lattice
spacing and volume respectively, and four values of the
quark mass in the sea, which allows us to implement a
global fit on our results to control the systematic uncer-
tainties as in Ref. [4,7]. Other parameters of the ensembles
used are listed in Table L

The effective quark propagator of the massive overlap
fermion is the inverse of the operator (D.+ m) [8,9],
where D, is chiral, i.e., {D.,ys} = 0 [10], and its detailed
definition can be found in our previous work [11-13].
We used four quark masses from the range m, €
(250,400) MeV on the 241 and 32I ensembles, and six
or five quark masses from m, € (140,400) MeV on the
481/32ID ensembles respectively, which have larger vol-
umes and thus allow a lighter pion mass with the constraint
m,L > 3.8. One step of the hypercubic (HYP) smearing
[14] is applied on all the configurations to improve the

TABLE 1. The parameters for the RBC/UKQCD configurations
[6]: spatial and temporal size, lattice spacing, sea strange quark
mass under MS scheme at 2 GeV, pion mass with the degenerate
light sea quark, and the number of configurations.

Symbol L3xT  a(fm) m{ MeV) m, MeV) N,
2D 323 x64 0.1431(7) 894 171 200
241 243 x64 0.11053) 120 330 203
481 483x96 0.11412) 949 139 81
321 32 x64 008283) 110 300 309

signal. Numerical details regarding the calculation of the
overlap operator, eigenmode deflation for the inversion of
the quark matrix, and the Z5 grid smeared sources with low-
mode substitution (LMS) to increase statistics are given in
Refs. [11-13,15].

Proton mass.—We first calculate the proton mass on
these four ensembles and apply the SU(4|2) mixed action
HByPT functional form [16] to fit the results,

M(my, m,a,L) = My + Cy(m})> + Cy(m*)?

_ (931 — 49491 — 59%)” (m‘)3
3(4nf,)? §

(8% + 49491 + 597, pans

T 3y )

(my)* 1

+ Cg/IDaz + C4T€ K (8)

where M, C;,34, the axial vector coupling g4, and an
additional partially quenched one g; are free parameters;

f==10.122(9) GeV is the pion decay constant; m;"" is

the valence and sea pion mass, respectively; my? =

V(m2)? + (m)? + Apica® is the partially quenched
mass with the mixed action term A ,;,a”; and a is the lattice
spacing. The O(m}) logarithm function F in the original
functional form is dropped since it turns out to be not useful
to constrain the fit. Note that we used C} for the 241/481/321
ensembles and CiP for 32ID ensemble as they used
different gauge actions. We get the prediction of the proton

mass at the physical point as M(mghys,m?,hys,O, ) =
0.960(13) GeV with y?/d.o.f. = 0.52. From the fit, we
can also get the light quark mass sigma term H,, , =~
(OM/Om,)m, /2 = 52(8) MeV, which is consistent with
our previous direct calculation 46(7)(2) MeV [4]. The g, we
get from the fit is 0.9(2) which is consistent with the
experimental result 1.2723(23) [17] within 20. Alter-
natively, using the experimental value of g, predicts the
proton mass as 0.931(8) with a y?/d.o.f. of 1.5. The results
of the proton mass with the partially quenching effect
(m;** # mY) subtracted are plotted in Fig. 1 as a function
of the valence pion mass, together with the blue band for our
prediction in the continuum limit. The difference between

212001-2
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FIG. 1. The proton mass as a function of the pion mass at
different lattice spacings and volumes, after partially quenching
effects are subtracted. The star shows the physical proton mass.

the results with different symbols reflects the discretization
errors and finite volume effects, which are reasonably small,
as shown in Fig. 1.

Momentum fraction.—The quark and gluon momentum
fractions in the nucleon can be defined by the traceless dia-
gonal part of the EMT matrix element in the rest frame [18],

(NISTLIN)

S =M

_ 1 <
T, = | &xp(x)= D, —-
44 / xyr(x) 3 <Y4 47

T = [ B - By, ©)

In practice, we calculated ratios of the three-point function to
the two-point function
_ O &yTeys(3. 1) TG ()3 ses (3. 0)10)
RI9(tp, 1) = T e = — =

(O [ d*yTx5(5. )3 secXs(%. 0)[0)

(10)

where yg is the standard proton interpolation field with
Gaussian smearing applied to all three quarks, and T is
the unpolarized projection operator of the nucleon. All the
correlation functions from the source points X in the grid G are
combined to improve the signal-to-noise ratio (SNR) [13].
When ¢, is large enough, R%9(t;,t) approaches the bare
nucleon matrix element (N|TLI|N).

For each quark mass on each ensemble, we construct
R(t;,t) for several sink-source separations ¢, from 0.7 fm
to 1.5 fm and all the current insertion times ¢ between the
source and sink, combine all the data to do the two-state fit,
and then obtain the matrix elements we want with the
excited-states contamination removed properly. The more
detailed discussion of the simulation setup and the two-
state fit can be found in our previous work [4,7,19].

To improve the signal in the disconnected insertion
part of {x) 4.9 &ll the time slices are looped over for the proton
propagator. For (x) , the cluster-decomposition error reduction
(CDER) technique is applied, as described in Refs. [20,21].

The renormalized momentum fractions (x)® in the MS
scheme at scale u are

R 1= S () (x) s + 025 (1) Y (x),

q=u.d,s
+ Ze () (x) 4.
()8 =Z¥5(1) D (0, + ZE (0, (11)
q=u.d,s
where (x), 4, is the bare momentum fraction under the

lattice regularization, and the renormalization constants in
the MS at scale u are defined through the RI/MOM scheme

(Z%j_g (1) + N 52355 (1) Nfz%(u))
75 () Z%(w)
{ |:<ZQQ(/4R) +Ny6Zgo NfZQG(ﬂR)>
Zso(kr) Zs6(ur)
) (RQQ(ﬁ) +O(Nya) NfRQG(ﬁ)ﬂ y }“
Reo () I

(12)

and Zgo (1) = [(Zoo(ur)Roo (#/1r))| w2z ~0] ' Note that
the isovector matching coefficient Ry, (u/ug) has been
obtained at the three-loop level [22] while just the one-loop
level results of the other R s are available [23].

We list the renormalization constants for 74} at MS
2 GeV in Table II and the details of the nonperturbative
renormalization (NPR) calculation are discussed in the
Supplementary Material [24], based on the previous
research of Refs. [25-27].

After the renormalization, the total momentum fraction is
generally larger than 1 by 20-30% on the four ensembles due to
the discretization error. We apply a uniform normalization on
both the quark and glue momentum fractions at each quark mass

of each ensemble, and plot these normalization factors Z =
(¥)7 1415+, inthe lower-right panel of Fig. 2. Z should approach
unity as can be seen by comparing the normalization of the 241
(a = 0.1105 fm) and the 32I (@ = 0.0828 fm) lattices, which
have about the same quark mass, for m2 > 0.08 GeV?.
Then the pion mass dependence of the renormalized and

normalized (x)5 , are fitted with the following empirical
form simultaneously,

() (m, m3* a. L) = (x)§f + Di[(m})* = (m2)?]
+ Dy(my)? = (m3*)?]
+ DY 4 DyemiL, (13)
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TABLE II. The nonperturbative renormalization (NPR) con-
stants on different ensembles, at MS 2 GeV. The 241 and 481
ensembles have the same lattice spacing and thus share the
renormalization constants. The two uncertainties are the statis-
tical and systematic ones, respectively, with the details provided
in the Supplementary Material [24].

Symbol ZQQ 6ZQQ ZQG ZGQ ZGG

2ID  1.250)2) 0.018(2)(2) 0.017(17) 0.57(3)(6) 1.29(5)(9)
241/481 1.24(0)(2) 0.012(2)(2) 0.007(14) 0.35(3)(6) 1.07(4)(4)
321 1.25(0)(2) 0.008(2)(2) 0.000(14) 0.18(2)(2) 1.10(4)(5)

and the y*/d.o.f. is 0.20. Our prediction of the (x)F ; are

0.307(30)(18), 0.160(27)(40), 0.051(26)(5), and 0.482(69)
(48), respectively, where the first error is the statistical one
and the second error includes the systematic uncertainties
from the chiral, continuum, and infinite volume interpola-
tion or extrapolation. The systematic uncertainties from the

two-state fit and CDER for (x), haven’t been taken into
account yet and will be investigated in the future. With the
normalization factors shown in lower-right panel of Fig. 2,
all the predictions of the momentum fractions are consistent
with the phenomenological global fit at MS 2 GeV, e.g.,
CT14 [28] values (x)X =0.348(3), (x)® =10.190(3),
(x)® = 0.035(5), and (x)® = 0.416(5). The other global
fits results [29-33], summarized in Ref. [34], are consistent
with CT14. After the partially quenching effect term
proportional to D, is subtracted, the (x)¥, , at different
ensembles and valence quark masses are illustrated in
Fig. 2 as a function of m2, in the upper-left panel for the u
and d cases and the upper-right panel for the s and g cases.
The bands on the figures show our predictions in the
continuum limit with their uncertainties (blue for the
statistics and cyan for the total).

We also predict the isovector momentum fraction (x)X_,
as 0.151(28)(29), which is consistent with the CT14 result
0.158(6) [28], in the lower-left panel of Fig. 2.

0.4 0.9
08 V¥ (x)5,24l V  (x)g.,241
: A (x)s32 A (x)g,321
0.3 0.7 1 ¢ (48l O (x)g.48
0.61 . (X)5,32|D o (X)g,32|D
0.2
0.51
0.4
0.14
Y (0024 4 (448l 0.3
004 V  (x),24 ¢ (x),.48l 0.21
A (2320 @ (0g320 | |
A 320 O (X).32ID Tl 4 e o v ves aved VA ¢
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0.02 0.04 0.06 0.08 010 0.12 0.14 0.02 0.04 0.06 008 0.10 0.12 0.14
m2 (GeV)? m2 (GeV)?
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v (X)u_d,24| ‘ (X)u_d,48| V Znorm:24| ‘ Znorm-48|
0.351 A (X)u-4321 ® (x)y-4,32ID 121 A Ziom.321 ® Zyom.32D
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0.20+ L
A
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FIG.2. The momentum fractions of different quark flavors and glue in the proton, at MS 2 GeV. The two upper panels show the u, d, s,
and g momentum fractions, respectively, and two lower ones show the u—d case (left panel), and also the normalization factors for the
momentum fraction sum rule (right panel). The bands on the figures show our predictions in the continuum limit of the momentum
fractions with their statistical (blue) and total (cyan) uncertainties. The data points correspond to our simulation results at different
valence quark masses on different ensembles, with the partially quenching effect subtracted.
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FIG. 3. The valence pion mass dependence of the proton mass
decomposition in terms of the quark condensate (H,,), quark
energy (Hp), glue field energy (H ), and trace anomaly (H,)/4.

Final proton mass decomposition.—With these momen-
tum fractions at MS 2 GeV, we can apply Eqgs. (6) and (7) to
obtain the quark and glue energy contributions in the proton
mass (or more precisely, the proton energy in the rest
frame). Combined with the quark scalar condensate and
trace anomaly contributions, the entire proton mass decom-
position is illustrated in Fig. 3 as a function of the valence
pion mass. As shown in the figure, the major quark mass
dependence comes from the quark condensate term, and the
other components are almost independent of the quark
mass. At the physical point, the quark and glue energy
contributions are 32(4)(4)% and 36(5)(4)% respectively.
With the quark scalar condensate contribution of 9(2)(1)%
[4], we can obtain that a quarter of the trace anomaly
contributes 23(1)(1)% with Ny =2 + 1.

In summary, we present a simulation strategy to calculate
the proton mass decomposition. The renormalization and
mixing between the quark and glue energy can be calcu-
lated nonperturbatively, and the quark scalar condensate
contribution and the trace anomaly are renormalization
group invariant. Based on this strategy, the lattice simu-
lation is carried out on four ensembles with three lattice
spacings and volumes, and several pion masses, including
the physical pion mass, to control the respective systematic
uncertainties. With nonperturbative renormalization and
normalization, the individual u, d, s, and glue momentum
fractions agree with those from the global fit in the MS
scheme at 2 GeV. Quark energy, gluon energy, and
quantum anomaly contributions to the proton mass are
fairly insensitive to the pion mass up to 400 MeV within
our statistical and systematic uncertainties.
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